Although geographic isolation has been shown to play a key role in promoting reproductive isolation, it is now believed that speciation can also happen in sympatry and with considerable gene flow. Here we present a model of sympatric speciation based on assortative mating that does not require a genetic threshold for reproduction, i.e., that does not directly associate genetic differences between individuals with reproductive incompatibilities. In the model individuals mate with the most similar partner in their pool of potential mates, irrespective of how dissimilar it might be. We show that assortativity alone can lead to the formation of clusters of genetically similar individuals. The absence of a minimal genetic similarity for mating implies the constant generation of hybrids and brings up the old problem of species definition. Here, we define species based on clustering of genetically similar individuals but allowing genetic flow among different species. We show that the results obtained with the present model are in good agreement with empirical data, in which different species can still reproduce and generate hybrids.
models differ on whether the set of loci under viability selection and the loci involved in assortative mating are the same or not [23] . Selectively neutral one-trait models have been shown not to lead to speciation due to the stabilization of the sexual selection generated by assortative mating [24, 25, 26] . The combination of selection and assortativeness, however, can be very effective at eliminating intermediary genotypes, resulting in sympatric speciation [27, 28] . Alternatively, assortative mating combined with spatial structure and mating with nearby individuals can also lead to the formation of local groups of similar individuals that eventually break into species [29, 30, 31, 32] .
Two-trait models, which separate the trait under selection -such as body size or eye color -and the trait under assortative mating, have showed that, if linkage is tight and assortment is strong, reproductive isolation can emerge [33, 34 ].
An important model of assortative mating was proposed by Derrida and Higgs (DH) [35] , which demonstrated the possibility of speciation in sympatric populations involving no other selective forces or spatial structure. One key aspect of the model is the approximation of infinitely large genomes [36] . In this model assortative mating is controlled by a measure of genetic similarity between individuals. An incompatibility threshold q min is introduced in such a way that reproduction becomes impossible between individuals i and j whose similarity q ij is smaller than q min .
The incompatibility threshold allows the definition of species as groups of individuals reproductively isolated from those in different groups, similar to the BSC. This definition is very convenient for theoretical models and has been adopted by many authors [10, 37, 38, 39, 35, 36] . Given a similarity threshold q min , it is easy to design an algorithm that separates the population into clusters in such way that individuals belonging to different clusters have genetic similarity smaller that q min . Within clusters, on the other hand, individuals will have at least one partner whose genetic similarity is larger than q min . The process is similar to finding components of a network where nodes (individuals) are connected only if their similarity is larger than q min . However, in real cases of incipient speciation such threshold may not exist and the populations will not separate in perfectly isolated groups, as illustrated by Heliconius and African cichlid fish systems, in which different species can still reproduce and generate hybrids.
Here we propose a model of speciation based on pure assortativity, where no spatial structure or similarity threshold to reproduction are imposed. The evolutionary dynamics is based on the model by Derrida and Higgs [35] , with the difference that individuals will mate with the most similar individual in their pool of potential partners, characterizing positive assortative mating, but with no restrictions imposed by a similarity threshold. We show that assortative mating alone can lead to the formation of groups of genetically similar individuals that will reproduce preferentially with others in the same group, but might occasionally choose individuals from other groups as mating partners, generating viable hybrids. One important feature of the model is that it brings back the discussion of species definition: the clusters that form are not reproductively isolated from each other and are constantly, though rarely, generating hybrids. This recovers the case of African cichlids and other incipient species where mate choice does not seem to be related to genetic incompatibilities. The model provides a good representation of speciation by assortative mating in a genetically neutral scenario.
Methods

Assortative Mating
Our model is a modification of the model proposed by Derrida and Higgs (DH) [35] , in which a population of M haploid individuals evolves by sexual reproduction with a genetic threshold determining mating compatibility. Each individual is characterized by a genome represented by a binary sequence of size
is the i th gene of the individual α and can assume the values ±1. The population is characterized by a M × M matrix Q measuring the degree of genetic similarity between pairs of individuals. The elements of Q are given by:
Genetically identical individuals have q αβ = 1 whereas individuals with randomly assigned genes have q αβ close to zero. Also, since every individual is identical to itself, q αα ≡ 1 at all times. All results in this paper are obtained in the limit of infinitely large genomes, B → ∞ as described below.
In the original DH model the population at each generation is obtained from the previous one by sexual reproduction of parents with a minimal genetic similarity threshold q min , as follows: an individual is randomly chosen from the population to be the first parent, P 1 . Then a second parent, P 2 is selected from the remaining M − 1 individuals. If P 1 and P 2 are sufficiently similar, i.e., if q P 1 ,P 2 ≥ q min an offspring is produced by combining the genomes of the parents. If, however, q P 1 ,P 2 < q min , the pair is considered incompatible and another individual is randomly chosen for the role of P 2 . If the similarity condition cannot be met by any member of the population, another first parent P 1 is chosen and the process repeated until a compatible mating pair is found. The genome of the offspring is inherited, gene by gene, from the parents' genomes with equal probability. There is also a small probability, µ, that a mutation occurs in each gene of the offspring. The entire process is repeated until M offspring have been produced, forming the next generation.
The idea behind the hypothesis of a minimum similarity for mating is reminiscent of the Batenson-Dobzhansky-Muller model [40, 41, 42, 43] where alleles at different loci of diploid individuals might be incompatible. Here each difference between haploid genomes reduces the chances of producing a viable offspring by introducing some degree of incompatibility. As the number of differences increases the chances of a successful reproduction decreases. A simple way to deal with this idea is by assuming that individuals become totally incompatible if the number of genetic differences exceeds a threshold but are perfectly compatible below that value. However, such a sharp threshold is a simplification of the real mating dynamics as genetic incompatibilities might not exist at all, as in the case of cichlids [17] .
In the present model the condition of minimum similarity for mating is completely removed. Instead, after a first parent P 1 has been randomly chosen, a pool R, with N individuals is randomly selected from the remaining population:
The second parent is now chosen from the pool as the individual with the highest degree of similarity with P 1 . Thus,
Mating is, therefore, purely assortative and relies on the power of the first parent to choose its mate from the pool, with no restriction regarding genetic
distance. An offspring is always produced by combining the genomes of P 1 and P 2 , no matter how different they might be. Like in the original DH model, parents' genomes are combined gene by gene with a mutation rate µ per gene and the process is repeated until M offspring have been generated.
The model we propose here can be interpreted as a type of best-of-n model [44, 45] .
In this case, a female evaluates n randomly selected males and chooses the one closest to her preferred phenotype . It has been show that best-of-n models may lead to speciation, however not in the neutral context as in the present work [46] In order to get some insight on how the overlap matrix evolves through time, we follow DH and consider first the simplest case of asexual reproduction, in which each individual α has a single parent P (α). The allele S α i has probability . Under these conditions, the expected value of q αβ is:
In the case of sexual reproduction the individuals α and β have two parents each: P 1 (α), P 2 (α) and P 1 (β), P 2 (β), respectively. On average, half of the alleles are inherited from P 1 and the other half from P 2 . Thus, the expected value of q αβ is:
The above expressions are exact for infinitely large genomes (B → ∞) and the dynamics of the population can be obtained by simply updating the similarity matrix.
Therefore, given the population at generation t and similarity matrix Q, the next generation is constructed by producing M offspring with parents at generation t as described above. Equation 3 is then used to update Q. If mating is not restricted by similarity and if the pool size is N = 1, it can be shown that all elements q αβ of the similarity matrix converge to the value q conv ≈ 1 (1+4µM ) [35] . The population will break into species if a threshold value q min > q conv is introduced [35] . Here we show that the population still breaks into species if the minimum similarity requirement is eliminated but pool sizes for choosing the second parent are sufficiently large.
Species Definition
In the DH model of speciation two individuals i and j cannot reproduce if q ij < q min .
This genetic compatibility threshold at the individual level can be extended to the species level to define reproductive isolation between groups of individuals, as in the biological species concept. In the DH model a species can be identified as a group of individuals reproductively isolated from all others outside the group by the genetic threshold q min . Not all members of the group have to be able to mate with each other, but could maintain an indirect gene flow through an intermediary individual. Therefore, if q ij > q min and q jk > q min but q ik < q min , individuals i,j and k will belong to the same species, owing to the ongoing gene flow between them.
In the present model of pure assortative mating no such threshold exists and, as discussed before, the concept of species is fuzzy and relies on the identification of clusters of similar individuals. In order to do that we are going to define an auxiliary threshold value q 0 that will play the role of q min in our model for the sake of species definition.
This value will be calculated at a specific generation, when the population dynamics reaches a state of equilibrium, and will be used to organize the population into species in all generations, before and after the moment of calculation. Our definition of q 0 will be based on the clustering method proposed in [47] and [48] which uses the eigenvalues of the unnormalized Laplacian matrix defined as
Here Q is the similarity matrix whose elements are given by equation (1) and D is the degree matrix, whose elements are given by:
If all elements q ij are positive, this would imply that L has M non-negative eigenvalues and that 0 is an eigenvalue associated with the constant eigenvector. Although the q ij 's can be negative (for example if S i k = 1 and S j k = −1 for all k, q ij = −1) they are always positive in the simulations, as we start with q ij = 1 and evolution keeps them positive at all times. Thus, it is possible to establish the following proposition:
if k is the multiplicity of the eigenvalue 0 of L, then the graph represented by Q has k disconnected components [48] . Based on these properties we propose the following procedure to determine q 0 : we define a new similarity matrix Q(s) whose elements are given by:
In terms of graph theory this is equivalent to consider vertices with connection smaller than s to be disconnected. From Q(s) one obtains D(s) and L(s). Therefore, following the number k of eigenvalues 0 (the multiplicity of the eigenvalue 0) as a function of s, it is possible to find an appropriate value of this parameter that breaks the population into reasonably disconnected clusters and use this value as the definition of q 0 . In other words, a cluster is defined as a group of individuals (vertices) that have larger genetic similarity among themselves than with individuals belonged to other clusters. Thus, the critical value q 0 is the lowest connection between vertices belonging to the same clusters. Disconnecting vertices with similarity larger than q 0 would produce a large number to totally disconnected individuals, causing the number of clusters to increase rapidly with s.
As an example, consider the hypothetical case of a population with M individuals that is clearly split into two groups. Suppose the first group has M 1 individuals and that the minimum similarity between all its pairs is equal to s 1 ; the second group, with M 2 individuals, has minimum similarity between its pairs equal to s 2 . We further assume that the minimum similarity between individuals belonging to different groups is s 3 . Clearly s 3 < s 1 and s 3 < s 2 and, without losing generality, we assume s 2 < s 1 . In this case the behavior of k(s) is as follows: For 0 ≤ s ≤ s 3 , k(s) = 1 since all pairs have similarity larger than s 3 . For s 3 < s < s 2 , k(s) = 2, the two groups were disconnected and the multiplicity of the eigenvalue zero is 2. Finally, for s 2 < s < s 1 , individuals belonging to the second cluster gradually become disconnected from the cluster and k starts to increase continuously. We may thus consider that q 0 = s 2 is the appropriate value of s that splits the population into components without fragmenting it into tiny clusters with few individuals each. The value, although still subjected to a degree of uncertainty, can be identified by the presence of a plateau in the plot of k(s), before a sharp increase. It is important to stress that, different from the BSC, q 0 does not play a role in mating. In the present model, it is only a convenient parameter to define species. However, the strength of the present model is the possibility of mating between individuals with genetic similarity smaller than q 0 .
One representative example from our simulations is shown in Figure 1 where we analyzed a population with 2000 individuals with pool size of 100 at the 10000-th generation. In this case the eigenvalues of the Laplacian matrix range typically from 0 to 3000 and we counted as k(s), or "close to zero", those below 10. The upper panel of Figure 1 shows k(s) and the bottom panel shows a zoom around s = 0.96 with the derivative dk/ds in the inset. From this figure we defined q 0 = 0.96 and use it as a criterion to define species. We acknowledge that there is a degree of subjectivity in this procedure. Different choices of s would change the counting of species, but not the clustering itself.
Results
In this section we show results for a population with M = 2000 individuals and µ = 1/8000. The simulation starts with all individuals genetically identical (q αβ = 1 for all α and β) and the expected equilibrium value of the similarity for the case of unit pool (N = 1) is q conv = 1/2. Similarly to the DH model [35] the peaks move to the left as time increases because of genetic drift and eventually disappear as species go extinct by fluctuation in the number of individuals. Figure 4 This case, where the choice of mates is completely random, is the same case studied in [35] where no minimal genetic similarity threshold is imposed and, as it was anticipated, the number of species is one along the time and the diversity within the specie is very high (q 0 ∼ 0.5). Nevertheless, once the formation of pair is not completely random, one a finite, although very low, probability of finding species with a considerable number of elements. The peak at 1 means that most of the individuals in the population are less similar than the threshold q 0 to all the others (see also Figures 8 and 9 
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For N = 100, Figure 7c , the probability of finding abundant species with around 150 individuals, is already significant. Figure 5d shows the case where the pool size is a substantial fraction of the system. In such situation, although there exist species with only few elements, it is much more likely to find robust species with a great number of individuals.
Hybridization
An interesting situation that can be well described by our model is that of hybridization of two species. In [49] the authors reported the evolution of two species of swordtail (Xiphophorus birchmanni and Xiphophorus malinche) that maintain their reproductive isolation in sympatry because of assortative mating. Nevertheless, a disruption of pheromonal communication due to pollution lead to a breakdown of assortativeness [50] and to the formation of a hybrid population that have persisted for over 25 generations.
In order to show that the model can capture the essence of this process we simulated a population with two species (A and B) . Within each species, the individuals are initially genetically identical and the genetic similarity between individuals belonging to different species was set to 0.9. We simulated the evolution to the next generation without assortativity (mimicking the effect of the pollution), allowing completely random mating (pool size equal 1). In the next generation assortativity was restored with pool size of 400 individuals, simulating the recovery of the ecological integrity of the environment. Figure 8 shows the time evolution of the number of species using q 0 = 0.97 for species definition.
In order to compare the results of simulations with empirical observations we counted as species only groups with more than 10 individuals. The red line in Figure   8 shows Time evolution of the number of species for the case where the assortativeness is broken at the first generation calculated by using our model (red line) and D.H. model (black line). After the first generation, the pool size is 400 individuals and the genetical similarity used to define specie is q = 0.97. This q is also used as genetic threshold in the D.H. model. one in B 1 , on the other hand, is q = 0.9e −4µ . Within the hybrid group H 1 , or between H 1 and A 1 or B 1 , the genetic similarity is q = 0.95e −4µ . If we set q 0 to any value below 0.95e −4µ these three groups would be identified as a single species, since individuals of H 1 would be able to mate with both A 1 and B 1 , establishing gene flow among all individuals of the population. In order to identify A 1 and B 1 as different species we need to set q 0 above 0.9e −4µ and we fixed q 0 = 0.97. In this case only A 1 and B 1 are well defined species whereas the hybrid group H 1 forms a cluster whose individuals can still mate with any other if there is no mating threshold, but are too different from each other to be considered a species. The abundance distribution of the population would be similar to Figure 7 (b), with a peak at 1. This is illustrated in Figure 9a . For the model with mating threshold at 0.97 they will all die without living offspring and the population will maintain its two species for many generations as shown in Figure 8 .
In generation 2 (and also thereafter) mating partners are selected from pools of size 400. Thus, if a first parent is selected from A 1 (B 1 ), the probability that the second parent is chosen from the hybrid group H 1 or from B 1 (A 1 ) is negligible. However, if a first parent is selected from H 1 the second parent can be taken from any of the three groups with significant probabilities. The second generation, therefore, has five groups, that we term A 2 , B 2 , H 2 , C 2 and D 2 , as illustrated in Figure 9b ). However, the genetic similarity between individuals from groups C 2 and A 2 and between individuals from groups D 2 and B 2 is 0.975e −8µ meaning that, according to our criterion of q 0 = 0.97, groups C 2 and A 2 and groups D 2 and B 2 belong to the same species. This is illustrated in Figure 9c .
In generation 3 there are still 2 robust species (with about 870 individuals each) and 1 hybrid group, as in Figure 9c ) (we have omitted the arrows indicating the origin of each group in order to make the illustration cleaner). Tracking the evolution of these subgroups along the following generations, one can observe that this pattern of more and more groups persists until a third species, with internal similarities larger than q 0 = 0.97, forms. The size of this hybrid species slowly decreases until its complete extinction in about 20 generations.
Comparison with Empirical Data
Although the model presented here discards any effects of spatial structure or selection, we have attempted to compare our results with empirical data. In what follows we compare the results of our simulations with a subgroup of African cichlids, the Haplochromines of Lake Victoria. Samonte et al. [51] have analyzed the genetic variability of four species of the haplochromine family collected from the Lake Victoria.
The authors have compared the genetic similarity of the four cichlid species in five loci of nuclear DNA. Here we used data from the SINE1357 locus, which has been used to study the phylogeny of salmon species [52] and whales [53] .
The authors have compared the genetic similarity of 36 individuals: 15, 16, 1 and 4 from Haplochromis fischeri, Ptyochromis xenognathus, Haplochromis chilotes and Haplochromis sp. "rock kribensis" species, respectively. The red line in Figure 10 corresponds to the histogram of similarity. It can be observed that there is a high degree of similarity among all species. In order to compare with results from the model considered here, we procedure as follow: First, we considered a population with 2000 individuals with a pool size equals to 500 individuals, which gives a q 0 equals to 0.974.
Second: from the entire population, we select the four most similar (among them) species representing the four species from [51] and, third, we take, randomly, 15, 16, 1 and 4 individuals from these species. The histogram of these 36 individuals is shown by the black line in Figure 10 . It is noticeable that the similarity between many individuals is very consistent with the similarity of the individuals from [51] . The main difference with experimental data is the two peaks around q = 0.96 and q = 0.97. We believe the main reason for such difference is that we have compared the infinite genome of the theoretical population while only a small fraction of the genome in the real population.
We also compared the similarity between individuals from a theoretical population that evolved according to the Derrida-Higgs model [35] using q min = q 0 = 0.974, shown by the blue line in Figure 10 . One can see that only the threshold for genetic similarity is not enough to promote the good qualitative agreement as the assortative model and the experimental data.
Discussion
In this work we have considered a variation of the DH model in which the genetic threshold for reproduction compatibility is completely eliminated and replaced by a pure assortative mating mechanism. In our model each individual chooses for mating the most similar partner it can find in a random pool of size N , no matter how dissimilar it might be. Figure 2 shows that if the first parent can choose its mate from a pool of individuals of sufficiently large size, the histogram of similarities q's does exhibit peaks below the asymptotic value q conv . However, for small pools, a different dynamics take place, as illustrated in Figure 3 for N = 10 (left panels). In these cases the distribution might break into clusters centered at q > q conv but the inter-cluster similarity is still large. These clusters are genetically close to each other and unstable. Since the pool is too small the likelihood that an individual of a cluster will select a pool consisting of individuals belonging solely to other clusters is high, making the clusters merge by the introduction of hybrids. As pool size increases the genetic distance between the clusters also increases and the peak representing inter-cluster similarity moves to the left of q conv . For N = 30, the clusters are still unstable and species prone to merging with one another, as illustrated in Figure 3 (right panels). For large pools the probability that the pool contains individuals of the same cluster is large, maintaining the species cohesion. However, merging is always possible since reproduction between any pair produces viable offspring. Thus, mating between individuals from different clusters does take place, generating hybrids and potentially merging species.
Our results demonstrate that assortative mating can lead to formation of clusters of individuals with high degree of similarity among themselves but with low degree of similarity with individuals belonging to other clusters. The number of species in the population, however, fluctuates in time, as shown in Figure 6 . For small and medium pool sizes, there is a clear tendency of increasing the number of species as the pool size increases. However, for pool sizes larger than approximately 15-20% of the population, the behavior is more complex. In this regime the number of species is more sensitive to the reference value q 0 . This fact can be understood as follows: if the pool size N is a considerable fraction of the total population, the probability that the individual with the highest similarity with the first parent is in this pool is N/M , which is large by hypothesis. Moreover, even if the individual with highest similarity is not present in the pool, it is very likely that the highest similarity between the first parent and the individuals from the pool is very close to the highest similarity between the first parent and an individual from the population.
It is important to compare the model presented in this work with the one introduced in [35] where a minimum similarity is required in order to produce offspring ( Figure   6 ). Within the error bars, both models provide almost the same number of species for small and medium pool size. On the other hand, when the pool size is a considerable fraction of the population, the purely assortative model leads to a larger number of species. This behavior is a consequence of the fact that, for large pool sizes, assortative mating can be more restrictive than the constraint of minimum similarity. On average, the similarity between parents in DH model is smaller than the similarity of the parents in the assortative model when the pool size is a considerable fraction of the population.
Finally, we have compared our model with data from a subgroup of cichlids from Victoria lake. Although our model is very simple and discards important features of the real dynamics (such as spatial structure, finite character of the real genomes and other selective forces), we obtained qualitative good agreement with the data, slightly better than that provided by the Derrida-Higgs model with a genetic threshold.
To summarize, we have introduced an evolutionary model based purely on assortative mating, without a genetic threshold that impairs reproduction. In the model individuals mate with the most similar individual in their pool of potential partners. We have shown that this condition alone can lead to the formation of clusters of genetically similar individuals. Although the absence of reproductive isolation makes the definition of species dependent on the identification of these clusters, which has a degree of subjectivity, these results show that species can potentially emerge from sympatric condition and without the need of an arbitrary genetic threshold to create reproductive isolation. We have studied the formation and evolution of a hybrid species formed by mixing two isolated species during a single generation of environmental disturbance.
Restoring the environmental integrity in the next generation results in the formation of a hybrid species that slowly decreases in abundance and finally goes extinct, as observed in empirical studies.
